For a positive integer k, a total {k}-dominating function of a digraph D is a function f from the vertex set V (D) to the set {0, 1, 2, . . . , k} such that for any vertex v ∈ V (D), the condition
Introduction
In this paper, D is a finite and simple digraph with vertex set V = V (D) and arc set A = A(D). The order |V | of D is denoted by n = n(D). We write d For an arc (x, y) ∈ A(D), the vertex y is an outer neighbor of x and x is an inner neighbor of y. We write K * n for the complete digraph of order n. Consult [5] for the notation and terminology which are not defined here. A set {f 1 , f 2 , . . . , f d } of distinct total {k}-dominating functions of D with the property that
The maximum number of functions in a total {k}-dominating family (T{k}D family) on D is the total {k}-domatic number of D, denoted by d {k} t (D). The total {k}-domatic number is well-defined and
since the set consisting of the function f :
, forms a T{k}D family on D. The total domatic number of a digraph was introduced by Jacob and Arumugam in [6] . Our purpose in this paper is to initiate the study of the total {k}-domatic number in digraphs. We first study basic properties and bounds for the total {k}-domatic number of a digraph. In addition, we determine the total {k}-domatic number of some classes of digraphs. Some of our results are extensions of well-know properties of the total domatic number of digraphs and the total {k}-domatic number of graphs (see, for example, [2, 3, 4, 6, 8] ).
The Total {k}-domatic Number of Digraphs
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We start with the following observation. 
is a complete digraph, and each vertex x ∈ V (D) − S has at least k inner neighbors in S.
Conversely, assume that there exists a subset
is a complete digraph, and each vertex x ∈ V (D) − S has at least k inner neighbors in S. Define the function f by f (x) = 1 for x ∈ S and f (x) = 0 for
Properties of the {k}-domatic Number
In this section we mainly present basic properties of d {k} t (D) and bounds on the total {k}-domatic number of a digraph. 
The special case k = 1 in Theorem 2 can be found in [6] .
Proof. Applying Observation 1 and Theorem 2, we see that
. Since k + 1 is a divisor of n, the proof is complete.
A further consequence of Theorem 2 and Observation 1 now follows. If C n denotes a directed cycle on n vertices, then the function f : V (C n ) → {0, 1, . . . , k} defined by f (x) = k for each x ∈ V (C n ) is the unique total {k}-dominating function of C n and hence γ {k} t (C n ) = nk and d {k} t (C n ) = 1. This demonstrates that Theorem 6 is sharp.
Theorem 7. Let D be a digraph of order n ≥ 3, and let k ≥ 1 be an integer. If
Proof. Theorem 2 implies that γ
. It follows from Observation 1 and Theorem 2 that k + 1 ≤ γ {k} t (D) ≤ kn/2. Using these inequalities, and the fact that the function g(x) = x + (kn)/x is decreasing for k + 1 ≤ x ≤ √ kn and increasing for √ kn ≤ x ≤ kn/2, we obtain γ 
, and this leads to the desired bound.
If
, then the two inequalities occurring in the proof become equalities, which leads to the two properties given in the statement.
The special case k = 1 in Theorem 8 can be found in [6] . 
Corollary 10. If K * p,p is the complete bipartite digraph and k ≥ 1 an integer, then d
Proof. Theorem 2 and Observation 9 show that d
. . , u p } and {v 1 , v 2 , . . . , v p } be the partite sets of the complete bipartite digraph. Define f i (u i ) = f i (v i ) = k and f i (x) = 0 for each vertex x ∈ V (D) − {u i , v i } and each i ∈ {1, 2, . . . , p}. Then we observe that f i is a T{k}DF of K * p,p for each i ∈ {1, 2, . . . , p}. Therefore
Corollary 10 demonstrates that Theorem 8 is sharp.
Theorem 11. Let k ≥ 1 be an integer and D a digraph of order n with 
Hence f i is a T{k}DF of D for each i. Since δ − (D) ∤ k, we have .
